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Inverse Sensitivity Method to Self-Adjoint Systems
with Repeated Eigenvalues

H. W. Song,* L. F. Chen,” and W. L. Wangjf'
Fudan University, 200433 Shanghai, People’s Republic of China

The first-order Taylor expansions of eigenpairs having a repeated latent root in cases when vibrating systems
are described by multiparametric self-adjoint discrete models are derived. An inverse method based on the Taylor
expansions is proposed for complementing and correcting Pesek’s results (Pesek, L., “An Extension of the Inverse
Sensitivity Method to Systems with Repeated Eigenvalues,” Journal of Sound and Vibration, Vol. 182, No. 4, 1995,
pp- 623-635). Two examples are presented to demonstrate the effectiveness of the present method.

Nomenclature
D(t) = h-order coefficient matrix depending on direction t
e; = ith natural base vector of the n parametric space
h = multiplicity of the eigenvalue
I, = h-order identity matrix
J = Jacobian matrix
K = frequency shift stiffness matrix
K(p) =structuralstiffness matrix depending on p
M(p) =structural mass matrix dependingon p

p = vector of structural physical parameters of dimension N
X = matrix of any & M-orthogonal eigenvectors
of multiple eigenvalue

VA = matrix of & M-orthogonal derivable eigenvectors

of multiple eigenvalue
= diagonal matrix of & eigenvalues
= h multiplicity of repeated eigenvalue
= unit vector of any direction in n parametric space

Qs

Introduction

HE orthonormalized eigenvector set corresponding to a re-

peated eigenvalue A (abbreviate A base), and its derivatives
with respect to design parameters, have degenerative and directive
properties at a given point Py(p,) in the multiparametric space, re-
spectively, i.e., there are infinite number A bases at Py, and there
exist distinct derivable A bases and its directional derivatives along
different directions passing Py. Moreover, as multivariable func-
tions the A and A base (repeated root eigenpairs) are in general not
differentiable, although their directional derivatives exist. The sin-
gularity and complexity of repeated root eigenpairs motivate us to
reconsider their Jacobian matrix at point Py.

Ojalvo and Dailey are pioneers in the research field of eigen-
derivatives. Dailey' improved Ojalvo’s> method, and the methods
of Dailey and of Juang et al.’ were further developed by Zhang and
Wang.* Using Dailey’s ideas, Pesek’® presented an extension of the
inverse sensitivity method to conservative systems with repeated
eigenvalues. However, this extension applies to some very special
cases only. It caused an error in Eqgs. (2.8-2.10) of his paper. Obvi-
ously, the eigenvectormatrix X is discontinuousas he said in Ref. 5,
and so its derivative X’ does not exist in general.

A general inverse sensitivity method of self-adjoint systems is
developedin the presentstudy;notonlyis Pesek’s method corrected,
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but also the first-order Taylor expansion of a repeated eigenvalueis
complemented.

Several Assumptions

To explain the essence of the problem, without loss of generality
the discussions are carried out under the following assumptions at
some neighborhood of a design point P = Fy:

1) K(p) and M(p) are N x N real symmetric matrices, M(p) is
positive definite, and K(p) is positive semidefinite. Consequently,
the vibrating systems [K(p), M(p)] are definite and nondefective.

2) Various orders of continuous partial derivatives of K(p) and
M (p) exist. Consequently, their directional derivativesand total dif-
ferential can be found according to the following formulas®:

Directional derivatives:

oF F(p)—F -
APy TO R sy o,
0T lpom  Aia? AT i=1
(1a)
F.. = Z F ;j cosay,, cosay,; (1b)
ij=1
where
At =|Apl= [ (Ap)? )
i=1
_ W) _0Fp)
N 8[7, P=Poa WA 8[7, apj pom
i,j=12,...,n (3
and cosay,,;, i =1, 2, ..., n directional cosines of 7, respectively.
Total differential:
dF =) F,dp “
where F ; dependsonly on the P, whereasitis independentof Ap;,
j=12,...,n
3)

A(p) = diag[aV(p), AP (p), ... 2" (p)]
0<AV(P) <A1?@(p) < --- < A®(p)

P #po. I<hsN (o

Z(p) =[z"P). 2% ®), ....2"(p)]

are eigenpairs of [K(p), M(p)] i.e., [A(p), Z(p)] are solutions of
the generalized eigenproblem

K(p)Z(p) = M(p)Z(p)A(p)
Z"(pM(p)Z(p) =1,

(5b)

(6a)
(6b)
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and have the following limit properties:

lim A(p) = ALy, lim Z(p) = Z(7) @)
P— Py P— P
along T
lim A% (p) # 2, s#£1,2,...,h 8)
P— P

Differentiability of the Repeated Root Eigenpairs
The directional derivatives of the repeated root eigenpairs can
be obtained by means of single parameter formulas; this param-
eter is just the length At =|Ap|= P, P along direction t pass-
ing Py. A ; and Z(7) can be determined by the following standard
eigenprobleny-:

AT, X)I'(t,X)=T'(t, X)A ; (9a)
e X)r'(z,X) =1, (9b)

where
AT, X) =X"K.X (10)

and Z(t) is given by

Z(t) =XI'(7,X) (11)

We denote
K=K-M (12)

and notations
K.=K,— M, (13a)
Kee =Ko =AM .. (13b)

are introduced to simplify the writing process.

Note that Z(r) depends only on the direction 7, whereas it is
independent of the chosen A base, say X. Here we further sup-
pose that the diagonal matrix A ; has distinct diagonal entries
2D <A@ <o < AW then I'(z,X) is determined uniquely by
Eq. (9). From Egs. (9-11), we may get

A, =2 (D)K. Z(x) 14
inEqgs. (14) and (11) takingt =e;,i = 1,2, ..., n, respectively, the
partial derivatives of A with respectto p; and its derivable A bases
can be obtained as

A =Z"(e)K, Z(e;) (15a)
Z(e;) = XT'(e;, X), i=12,...,n (15b)

from which the transforms of derivable A bases along various direc-
tions can be derived to be

Z(e;) = Z(t)O(t, ¢;) (16a)
Ol (r,e)0(t,¢) =1, (16b)
where
O(z,e;) =TT (r,X)T'(e;, X) a7
Obviously, the orthogonal matrices ©(t, e;),i =1,2,...,n are

independent of X. Using Eqs. (13-16) and (1), we get the direc-
tional derivative formulae of a repeated eigenvalue at P, along any
direction 7:

A, = Z Oz, e)[27 (e)K, Z(e)]O7 (1, &) cos ay,

i=1

= Z [O(r,e)A 07 (1, €)] cosa,, (18)

i=1

Making a comparisonbetweenEgs. (1a) and (18) allows us to con-
clude that the repeated eigenvalue A is in general not differentiable

because generally ©(z, e;)x1,,, VT € R", and we can also conclude
that as the functions of design parameters the partial derivatives
A;i=1,2,...,n of a repeated eigenvalue are definitely not all
continuous.

From Eq. (18) we get

n h
205, = Z Z A% (z, )07 (1, €)] cos e,

i=1ls=1
qg,r=1,2,...,h (19)

The directional derivatives of the derivable A base Z(t) at P,
along any direction T can be decomposed uniquely as

Z.=2.+2Z, (20)

where
Z.=Z(x)D(7) (21a)
Z.=—GIK.Z()] (21b)

are simply called nuclear components of K and its M-orthogonal
complement component, respectively. In the preceding second for-
mula G is a constraint-generalizel inverse of K:

G =P'KUp (22)

where
P=1-MXxXx" (23a)
VK" e K{1}: (@1 KQK = K) (23b)

are idempotent matrix and generalized {1} inverse’ of K, respec-
tively, and the entries of 4 x h matrix D(t) can be given by Ref. 4:

4 (1) = 0.50% (7), g=1,2 .. ..n (24)
qr
drry= 2O L, g.r=12....n (25
A0 =9

where d?” (1), 19" (1), and u?" (t) are gth row and rth column entries
in h x h matrices D(t), L(t), and U(7), respectively:

L(t) = —ZT(I)M_,Z(I) = Z@(r, e[)L(e[)G)T(r,e[)cosan,,.

i=1

(26)
U(r) = Z" (1)(0.5K., — K.GK)Z(t) + L(1)A ,
= Xn:@)(r,e[)U(e[)G)T(r,e[)COSZ Qe
i=1
+ )01, e)[Le)O" (.e)O(t.e)A
i#]
+2"(e)(0.5K,,.., — K.,GK,,)Z())]|®" (r.¢))
X COS 0y, COS e, 27

Using Egs. (13a), (16a), and (1a), from Eq. (21b) we can get

Z,=-) GK.Z)® (v.¢)cosar,

i=1

n

= Z [Z[G)T (T, e[)] COS Oy (28)

i=1

or equivalently

n h
0 = Z [Ziff)é”(r,e[)} COSUyy; s s=1,2,....,h (29)

i=1Lr=1
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Now, let us suppose Pesek’s result

Z.=) 2,0"(xe)cosa, (30)

i=1

holds; then we can get the following equation easily:

Z,=7) 2,0"(.e)cosa, 3D

i=1

Using Egs. (11), (15b), (21a), and (31), we have

XI'(t, X)D(7) = XZ C(e;, X)D(e;)®" (1, e;) cosa,, (32)

i=1

Notice that X is a A base that has full column rank and that I"(z, X)
is an orthogonal matrix. From Eq. (32) we can immediately derive
as follows:

D(7) = Z LTz, X)C(e;, X)D(e,)OT (1, e;) COS Oz,

i=1

= ) O(t.€)D(€)O" (. ¢;) cosa,, (33)

i=1

Conversely, if equality (33) holds, we also can derive

Z.=Y Z(1)O(r,e)D(e)O (r,€;) costtr,,

i=1

= ) Z(€)O" (1.€,)0(t. €)D(e;)O" (r.¢;) cosarr,,

i=1

= ZZ_[@T(T, €;) COS Uy,
i=1
Then Eq. (30) will hold.

Pesek’sresult(30) will holdif and only if Eq. (33) holds. However,
equality (33) does nothold in general except for a few special cases.
Therefore, we can say that Pesek’s inverse sensitivity method is not
suitable for most cases.

Itis importantto reAalize, via observationsof Eqs. (24-27), that the
nuclear component Z , depends heavily on the direction 7, and its
computations would involve the second partial derivatives of stiff-
ness and mass matrices. Although the derivable A base Z(r) and
its directional derivative Z , exist, yet Z(7) is in general not differ-
entiable with respect to design as well as the repeated eigenvalue.
Finally we point out that Pesek’s result (30) is applicable to the
following case:

D" (1) = D(1), Vr € R" (34)

Using Eq. (26) and the following equation’
D" () + D(t) = L(z) (35)
we can easily prove the truthfulness of the preceding conclusion.

Inverse Sensitivity Method for the Cases
of Repeated Eigenvalues

In the problem for the parametric corrections of mechanical sys-
tems, the analytical models [K(p), M (p)] are generally given. Sup-
pose that the eigenpairs of an # multiple eigenvalue at P, has been
computed as

Ay, X = Lx(l) x® ... x(h)J (36)
By contrast with the corresponding test datum

A =diag(h® 1@ ... ™)
(37
Z=|z0 z® ... 70|

there exist the differences. Try using the parametric corrections

p=po+ Ap (38)

such that the system [K(p), M(p)] has eigenpairs, which have
evolved from the (A1), XT"), consistent with test datum (A, Z). This
problem is to take the gauge of the correction Ap satisfying the
preceding requirements. To this end we take into account only the
first-order Taylor expansions of eigenpairs by Eq. (5) along need-
determining direction t as [see Eq. (19)]:

n h
MO —a=20-Ar=) {Z 1o (x, e»]z}Am

i=1 s=1
g=1,2,....h (39
Z-Z(t)=Z, At=Z,-At+Z, At (40)

_ Owing to so much trouble for computing nuclear component
Z ., we substitute Eq. (40) with another equation. Premultiplying
Eq. (40) by the projection operator PT [see Eq. (23a)], we get

P'Z=7, At = Z [Z,07(z,e)]Ap; 41

i=1
or [see Eq. (29)]
n h
PTz(s) — Z ZZ_(;)Q‘W(‘E,&) AP[ (42)
i=1Lr=1
Equations (42) and (39) can be expressed as a matrix equation
JAp = Av (43)
where
Ap = col(Ap;), i=1,2,...,n (44)
col[PTZ(‘Y)]

Ay = _— N J =
col[A@ — A]
q

col(wy)

col(z,)
q

q,s=1,2,...,h (45)

h
W, = row |: ZZY)Q” (T, e[):|
1

r=1

h
o= St

s=1

The Jacobian matrix J involves entries of O(t,e;),i =1,2,...,n,
which depend on Ap to be determined, so thatit is difficult to solve
Eq. (43) directly. To solve Eq. (43) linearly, the continuity of Z(7),
whichis expressedby Eq. (8),is employed, thatis, Z(7) = XI'(t, X)
would lie adjacentenoughto Z as At is sufficiently small. In view of
the preceding, an estimationof I' (X, 7) is cited by Ref. 3 as follows:

I'(z,X) = XTZZTX)* (ZTX)"! (46)

which minimizes the trace of the matrix (XT' — Z)” (X" — Z), in
the sense of least squares under the constraint I'" T' = I. Substitut-
ing the preceding I'(z, X) into Eq. (17), we obtain the required
matrices ©(t,e;),i =1,2, ..., n. Generally, Eq. (43) is overdeter-
mined. This system can be solved, for example, in the sense of least
squares. Then an unknown vector Ap is expressed as

Ap =[J'J1 I Ay =T Ay 47

where J*t is the Moore-Penrose generalized inverse of matrix J.
After computing Ap, a new estimation of parametric vector p can
be determined by Eq. (38). The new [K(p), M(p)] are then assem-
bled, and the calculation of Ap is repeated. This iteration process
leads to the minimization of the model-structure modal and spectral
difference.
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Two Examples

The first example is chosen from Eq. (4.1) of Ref. 5. In this very
special case not only the repeated eigenvalue A is differentiable,but
the derivable A base is also differentiable. Therefore, this example
cited by Pesek has not been able to demonstrate the necessity of
his extension. The latter example shows that Eq. (2.11) in Ref. 5 is
generally not applicable, and we must use the Jacobian matrix (45)
by the authors to get the correct results.

Stiffness and Mass Matrices

ki +ky, —k my+m, —m
k=M 2 2 ’ M=l 2 2
—ky ) —my my
This vibrating system has a repeated eigenvalue A = k/m when
the stiffnessk; =k, = k and masses m; =m, = m. This system with
equal mass and stiffness is called reference system by Pesek. The

corresponding orthonormal eigenvectors are degenerate, and then
we can choose arbitrarily the following initial A base:

1 1 1
X =[x x®]= [ }
[ I=7=l,
Now let m;, i =1, 2 be the design parametersand letk; = 1, m;o =
10,i =1, 2, we then have

1 [T 1
A =0.1, X=—
«/20[0 2]
oM 1 0
M,=— =
amy |p_p, 0 0
oM 1 -1
M,=— =
amy|p_p -1 1

The partial derivatives K ;, i = 1, 2 and the higher derivatives of
M and K are obviously equal to zeros. Moreover owing to the mul-
tiplicity of A equals the order of the system, so that the frequency
shift stiffness matrix K and its constraint generalized inverse G are
also equal to zeros, respectively, that is,

K=0, G=0

Hence, the directional derivative Z ; has only a nuclear component
[see Eq. Q1)]:

Z.=Z(1)D(7)
Using Eq. (1), from Eq. (13) we can obtain
K,=—-M,=—\(M cosa +M,sina)
— o1 [cosa + sina —.sin(x:|
—sino sina
Kee=0
Thus, the matrix A(t, X) can be computed as
A(t,x) =X'K.X

_3|cosa+sina cosa — sina
=-5x10

cosa — sina  cosa + sina

The solutions of the eigenproblem of A (z, X) are found to be
A= —10_2diag(cosa, sin o)
K. X) 11 1
V| P

Note that the preceding orthogonal matrix I'(z, X) is independent
of 7(«), thus the derivable A base Z(t) along any direction t at P,

Z=XI(t,X) =

b

is definitely independent of 7; it follows that [see Eq. (17)]

O(t,e,) =1, Ya € [0,27)
Lett =e;, i =1, 2, thatis, takinge =0 and /2 in A ., respectively,
we get
A, = —107%diag(1, 0)A , = —10~diag(0, 1)

we then have
A=A jcosa+ A,sina

This equality shows that the repeated eigenvalue s differentiableat
Py in this special example. The diagonal entries in D(t) equal half
of the correspondingentries of the matrix [see Eq. (24)]:

L(t) = —Z"M .Z = —0.1diag(cosa, sina)
so that

—0.05cos, g =1

dii(t) = {—0.0SSin(x, g=2 Vo € [0, 27)

To compute the off-diagonal entries of D(t), we must precompute
the matrix [see Eq. (27)]:

U(t) = L(t)A , = 10 3diag(cos’ a, sin® )

According to Eq. (25), we get

d"(r) =0, q F#r, q,r=1,2, Ya € [0, 27)
and it follows that
D(r) = —0.05diag(cosa, sina) = D' (v), Ya € [0,27)

Z,.=72D(t) =Z[D(e;)cosa + D(e,) sina]
=Z,cosau +Z,sinx

The preceding equality shows that the derivable A base Z is also
differentiable. Clearly, in this special example when the derivable
eigenpairs with a repeat eigenvalue are all differentiable, the Pesek
extension failed of necessity because their Taylor expansionsof first
order are the same simple eigenvalues.

Stiffness, Mass Matrices, and Design Parameters
p+1 -1
M(p) = [ o

Here, a=2,b=1 are given constants, and py=1, go=1 are
original (reference) values. It is easy to check that the reference

system
2 -1 2 -1
K = N =
-1 1 -1 1
has a repeated eigenvalue A = 1. There are infinite number A bases
at Py since the degeneracy of A, and so we can choose one of them

arbitrarily, e.g.,
¥ = 11 1
V20 2

The partial derivatives of K(p) and M (p) with respect to design p
at P, are as follows:

1+ (a/2)q? —bg :|

K =
@) [ —bg  (a/D)q

P =1[p.q]

oK (p) 1 0
1= _p =0, M, = |:
P lp_p 00
9’K(p)
K.ll = 2p = 0, M_11 =0
P |p_p,
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oK 2 -1
K, = ﬂ = |: :|, M,=0
99 |p_p, -1 2
K» =2I, My =0
9’K(p)
Kip=—2% =K =0
dpoq |p_p,
My, =M =0
Accordingly, we have
1 0
ICL,I = _)‘M_l = —|:0 0:|, Icelel =0
2 -1
Icez =K.2 = |: 1 2 :|» Icezez =K.22 = 212

Icelez = K.12 - )‘-M.IZ = Icezel = 0
Moreover, in view of the same reason as the first example, we have

K =0, G=0, Z.=Z(t)D(7)

Thus, the directional derivatives of stiffness and mass matrices
can be computed by Eq. (1), and we then can form the following
matrices:

K, =K, cosa+ K, sina = [

2sina — cosa —sin(x:|

—sino 2 sinao
_ 2 . .2
Koo = Kpjop co8” a + 2K,,,, sina cosa + K,,,, sin” o
= 2sin*al,

- 2sina — cosa —cosa
AT, X)) =X'K.X=05 .
—cosa 6sina — cosa

The derivable A base Z(t) = XTI (z, X) along any t at P, and the

o
V2 2[dyi (v) cosa + day (T)h(T)]

To compute Z ;, we have to determine D(t) whose diagonal and
off-diagonalentries are depending on L(t) and U(t), respectively:

L(v) = —Z(0)M . Z(7)

__cosa- g% (a) {[h(oz) +cosa]> h*(a) —cos’a }

2 h* () —cos’a  [h(a) — cosa]?
U(r) =0.52" (©)K.. Z(x) +L(0)A , = gz;a) (sin®> «C — cosaB)
where
C =

h% (o) +2h(a) cosa +5cos>a h*(a) + 4h(a) cosa — cos® o
h?(a) +4h(a)cosa —cos’a Sh?(a) — 2h(e) cosa + cos® o

B { AD[h(a) + cosa?

AD[h* (o) — cos* a]
AP (@) — cos? @]

AP[h(a) — cosal?
Using Egs. (24) and (25), from the preceding matrices we get

dy (7)) = —i cosa - g2 (a)[h(a) + cosa?

dyy (1) = —tcosa - g% (a)[h(a) — cosal®
2
dix(1) = Aé‘)“_(?g) - ;qf((z)){sinza[hz(ot) +4h(a) cosa

— cos?a] —cosa - )»_(f)[hz(oz) — cos? (x]}

un(ot) g (@)

i (7) = -
20 =00 T @

{sina[h® (@) + 4h(x) cosa

— cos’a] — cosa - )»_(i)[hz(oz) — cos’ (x]}

Substituting D(7) into the expressionof Z , = Z(t)D(t), we obtain

2[d12(t) cosa + dy(T)h ()]

7 & {du(r)[h(a) + cosa] + dyi (t)[h(a) — cosa]  dipp(t)[h(a) + cosa] + dyn(t)[h(a) — cosa]}

directional derivative A ; of A would be determined by eigenvalue
problemof A(z, X) as

A= diag(s(oz) —h(a) s(a)+ h(oz))

2 ’ 2
i i
A A@

h(a) —cosa
F(T,X)=g(a)[ }

cosa  h(a)

where the following notations are introducedto simplify the writing
process:

fl@) =v1+3sin’a,

h(a) = f(a) +2sina, h(a) = f(a) —2sina
_ 1 _ 1
T V2F@h@)  Jeosta + hi(a)

s(a) =2sina — cosa

g(a)

We now can express the derivable A base Z(7) as

Z() =X (1, X) = %[

h(a) +cosa  h(a) —cosa
2cosa 2h(a)

Taking  =e;, i =1, 2 in the preceding expressions, the derivable A
bases and its partial derivatives of A can be derived as follows:

A= -1 0 r X_Ll -1
=[o o} rew=g ]

1 0
Z(e)) = XT'(e1,X) = [ }

1 1
A_IO
2=y 3|

1 1 1
Z<e2)=X=—[ ]

L(e, X) =1,

J210 2
[0.5 0:| 1 [—-1 1
Z.1=— s Z.2=_
05 0 44/21-2 0
Moreover,
D)) = 05 0 D( )_1 0 1
“=lo of V=41 o

Thus, the orthogonal matrices

O(t,e,) =TT (7, X)I'(z, X), i=1,2
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can be found from Eq. (17):

Ot e;) = w[h(a) +cosa  —h(a) + cosa:|

V2 Lh(a) —cosa  h(a) + cosa

h(a) cosa
O(,e) = g(a)[ }

—cosa h(a)
To check Eq. (18), we compute the following matrices:

O(t,e)A 07 (1, e) cosa

_ _82(05) COS o { [h(a) + cosa]?

[h?(a) — cos® o]
2 [A? (o) — cos® ]

[h(a) — cosa]?

O(1, ) A O (1, €,) sina

h?(a) + 3 cos’ «

_ 2(a)sina|: 2h(a) cosa :|
=8 2h(a) cosa

3h*(a) + cos’ a
By direct computation or use of Mathematics software, we can get

O(t,e))A 107 (1, e) cosa + O(t, e2) A ,OT (1, €,) sin

00
=[0 A®}=AJ

but Eq. (31) does not hold; consequently, we can conclude that
Z.#Z,0"(t,e)cosa +Z,07(1,e)sina

To use the inverse sensitivity method, we must employ Eqgs. (43-45);
in the present case it is

o o= )
ax an||Agq N 2@ —

ay =2V[0" (1, en] +22[0 2z e)]

where

a = 200" e +22[0"r, en)]
an = 2.0[0% (z, el)]z + 2 P[0%(x, el)]2
an = 20[0% (. ez)]z +2P[0%(x, ez)]2

For checking the effectiveness of the present method, we assume
the target values of the parameters to be

p: = po +0.03, q, = qo — 0.04

The eigenvalues of target system [K(p,), M(p,] are

20 =0.8691, 2® =0.9488

and the directional cosines are

-3 i — _4
cosa = %, sina = —3

Substituting the data into the preceding equations, we can get
—0.6756 2.9363|[Ap] [—0.1309
—0.3244 1.0637]||Ag|  |—0.0512

The solution of this equation is found to be

ApT =[Ap Aq]=1[0.0467 —0.0339]

If the off-diagonal entries of A . in Eq. (18) were also considered
in the solution of Eq. (43), the result for Ap is very similar. Thus
the corrected point is

pe=po+ Ap
The distance to target point has reduced about 66.7%.

Conclusion

An inverse sensitivity method has been developed for comple-
menting and correcting Pesek’s results’ Although we have confined
our attention to two simple examples, the same procedure can be
carried through for more complicated structures. The size and com-
plexity of realistic models means that it is essential to use a digital
computer to solve the resulting equations. Finally we point out that
this method can be extendedto treatthe nondefectiverepeatedeigen-
value having equal partial derivatives of first order using formulas
presented by Refs. 4, 7, and 8.

Acknowledgment

The support for this research under Chinese National Science
Foundation Grant 19472022 is gratefully acknowledged.

References

Dailey, R. L., “Eigenvector Derivatives with Repeated Eigenvalue,” AIAA
Journal, Vol. 27, No. 4, 1989, pp. 486-491.

2Qjalvo, I. U., “Gradients for Large Structual Models with Repeated Fre-
quencies,” Society of Automotive Engineers, SAE Series Paper 86-1789,
1986.

3Juang, J.N., Ghaemmaghami, P.,and Lim, K. B., “Eigenvalue and Eigen-
vector Derivatives of a Nondefective Matrix,” Journal of Guidance, Control,
and Dynamics, Vol. 12, No. 4, 1989, pp. 480-486.

4Zhang, Y. Q., and Wang, W. L., “Eigenvalues Derivatives of Generalized
Non-defective Eigenproblems with Repeated Eigenvalue,” Journal of Engi-
neering for Gas Turbines and Power, Vol. 117, No. 1, 1995, pp. 207-212.

SPesek, L., “An Extension of the Inverse Sensitivity Method to Systems
with Repeated Eigenvalues,” Journal of Sound and Vibration, Vol. 182,
No. 4, 1995, pp. 623-635.

%Buck, R. C., Advanced Calculus, McGraw-Hill, New York, 1956, pp-
159-173.

"Wang, W. L., “Sensitivity Analysis of Discrete Vibratory Systems,” Acta
Mechanic Sinica, Vol. 27, No. 2, 1995, pp. 180-188.

8Wang, W. L., “A Family of Modal Methods for Eigenvector Derivatives
with Repeated Roots,” Acta Mechanica Sinica (English Series), Vol. 12,
No. 2, 1996, pp. 158-168.

9Lancaster, P., The Theory of Matrices, Academic, Orlando, FL, 1985,
pp. 87-125.

A. Berman
Associate Editor



